Extending a model we previously used to calculate magnetization hysteresis arising from the geometrical barrier in a flat, bulk-pinning-free type-II superconducting strip subjected to a perpendicular magnetic field H a , we here calculate the contribution, arising from screening currents on the top and bottom surfaces, to the magnetic-field-dependent critical current I c (H a ) due to surface barriers, including both the geometrical barrier and the Bean-Livingston barrier. ͓S0163-1829͑98͒04946-7͔
I. INTRODUCTION
A barrier of geometrical origin has been shown [1] [2] [3] to delay the first penetration of magnetic flux into a flat type-II superconducting strip subjected to a perpendicular magnetic field. A consequence of this effect is that such a strip exhibits hysteretic behavior even if the vortices in the interior of the strip are completely unpinned, i.e., even if the bulk critical current density J c is zero. The geometrical barrier is due solely to the nonellipticity of the sample's cross section; it is similar to the barrier observed in type-I superconductors of rectangular cross section, 4 but is different from the BeanLivingston surface barrier observed in type-II superconductors. [5] [6] [7] [8] [9] [10] [11] In Ref. 12 , we introduced a model of a superconducting strip, one flat in the middle and rounded at the edges, to use in approximating the magnetic-field and current-density distributions produced in the range of low perpendicular applied magnetic fields H a when the geometrical barrier plays a significant role. Several results of our analytical approach have been confirmed independently by numerical calculations. [13] [14] [15] In the present paper, we extend the calculations of Ref. 12 to compute the critical current I c (H a ) due to both geometrical and Bean-Livingston barriers, to which we will refer collectively as surface barriers.
As shown in Refs. 2, 3, and 12, when the applied field is large enough, there is a range of applied fields for which vortices are present in the strip, producing a domelike magnetic field distribution. In the absence of a Bean-Livingston barrier, when H a is equal to the critical entry field H en , vortices enter the sample until the net magnetic field at the edge of the strip ͑the sum of the Meissner response to the applied field and the return field arising from vortices inside the sample͒ is equal to the lower critical field H c1 . If the applied field is now reduced slightly, no vortices leave the sample, but the domelike vortex-generated magnetic field distribution changes shape. The height of the dome decreases and the outermost boundaries expand, maintaining constant area ͑constant magnetic flux͒ under the dome. When H a is reduced to the critical exit field H ex at which the outermost boundaries of the dome reach the curved edges of the strip, vortices exit from the strip. Similar behavior is also expected when a Bean-Livingston barrier is present. Moreover, the Bean-Livingston barrier, when present, is expected to be seen over a wider range of applied magnetic fields, possibly up to the bulk thermodynamic critical field H c .
In applying the above model, we find here that the physics of the critical current I c (H a ) depends upon the value of the applied field H a . For small values of H a , we find that the critical current is just that for which the net field at the left edge of the strip ͑the sum of the self-field from the current and the Meissner response to the applied field͒ is equal to H c1 in the absence of a Bean-Livingston barrier [5] [6] [7] [8] [9] [10] [11] or H b , the Bean-Livingston barrier field, in the presence of such a barrier. As soon as any vortex is nucleated and moves away from the rounded left edge of the strip, it is swept completely across to the right-hand side of the strip, where it annihilates with its image. For larger values of H a , there is a domelike magnetic-field distribution produced by vortices inside the strip. The field distribution in the dome is similar to that in the absence of the current, but the dome is shifted to the right because of the Lorentz force from the applied current. The critical current I c (H a ) is determined chiefly by two critical conditions: first, that the net field at the left edge of the strip ͑the sum of the self-field from the current, the Meissner response to the applied field, and the return field arising from vortices inside the sample͒ be equal to H s and, second, that the right-hand boundary of the dome just reach the rounded edge. Here, H s is equal to the lower critical field H c1 in the absence of a Bean-Livingston barrier or to H b , the BeanLivingston barrier field, in the presence of such a barrier. The first of these two critical conditions is that for entry of new vortices at the left edge of the strip, and the second is that for exit ͑or annihilation͒ of vortices at the right edge of the strip.
In this paper, we focus on calculating the contribution to the critical current arising from screening currents carried on the top and bottom surfaces of the strip in vortex-free regions. As we shall show in Sec. III, in the field range of interest (H a ϽH s /2), this contribution to the current is of order 2WH s /R, where 2W is the width of the strip, d is the thickness, and Rϭ(2W/d) 1/2 is the square root of the aspect ratio. In the presence of a surface barrier, however, there will be additional contributions to the current density JϭٌϫH localized at the sample edges. As can be shown using Am-père's law, these edge currents contribute a total current of order dH s , which is smaller by a factor of 1/R than the contribution from the top and bottom surfaces in fields less than H s /2. We consider in this paper only the case of large aspect ratios and values of Rӷ1, and thus we ignore the edge-current contribution of order dH s . At fields greater than H s /2, however, the edge-current contribution dominates, and a more careful treatment of this contribution, not included in this paper, would be needed to determine the critical current and how the total current divides between the left and right edges of the strip. This paper is organized as follows: In Sec. II we present the equations for the current distributions in the strip due to the applied magnetic field, the applied current, and the flux distribution inside the strip and calculate the field and current distributions in the case of quasistatic flux penetration in a dome is present. In Sec. III we establish the critical conditions for the critical current I c (H a ) and its dependence on the applied field. In Sec. IV we summarize our results and suggest experiments to test the theory.
II. QUASISTATIC FLUX DISTRIBUTION WHEN A DOME IS PRESENT
We consider an infinite superconducting strip of width 2W(ϪWϽxϽW), thickness dӶW ͑see Fig. 1͒ , and penetration depth рd. A uniform magnetic field H a in the z direction and a current I in the y direction are applied. In the Meissner state, where no flux has penetrated the strip, the current density distribution, averaged over the thickness d of the strip, is given by 16, 17 
͑1͒
When vortices are present in the strip, generating a flux distribution B z (xЈ), the corresponding current density distribution is given by
Let us assume that I and H a are such that there is a static domelike flux distribution inside the strip. For the vortices to be at rest inside the sample, the total current density distribution must be zero inside the region where the vortices are. Thus the total current density in this region is
Let the domelike flux distribution extend from a to b, where aϽb. Then the solution to Eq. ͑3͒ is
where B 0 is a constant to be determined below. This flux distribution generates the current density ͓Eq. ͑2͔͒
in the region aϽxϽb. For J vy (x) to cancel J M y (x) ͓Eq. ͑1͔͒ in this region and satisfy Eq. ͑3͒, we must have
and
The above equations describe a variety of possible metastable distributions of magnetic flux and current density, all with the same applied magnetic field H a and current I. Since only the sum of a and b is determined by Eq. ͑7͒, the above equations alone are insufficient to determine the positions a and b of the left and right boundaries of the domelike flux distribution of Eq. ͑4͒. Because the possible distributions are dependent upon the magnetic history of the sample, it is necessary to supply some additional information to determine the values of a and b uniquely.
We therefore next assume that the sample is at the critical entry condition. That is, if Iϭ0, the applied field (H a Ͼ0) is such that the local magnetic fields at the left and right edges of the sample (H le f t and H right ) are both equal to H s , so that vortices either have just entered the sample or are on the verge of doing so. If IϾ0, the self-field from the current is positive on the left side of the sample and negative on the right, such that H le f t ϾH right Ͼ0, and the critical entry condition is reached only on the left edge of the sample. Using the procedure for calculating the fields on the rounded edges of the sample described in Refs. 10 and 11, we obtain
͑9͒
where 
which, together with Eq. ͑7͒, uniquely determines a and b at the critical entry condition for given H a and I:
͑14͒
The total current density, determined by evaluating the integral obtained by substituting Eq. ͑4͒ into Eq. ͑2͒ and combining the result with Eq. ͑1͒, is
for ϪWϽxϽa,
for bϽxϽW.
͑15͒
With a, b, and B 0 determined by Eqs. ͑6͒, ͑7͒, and ͑12͒, we now can calculate the flux distribution B z (x) ͓Eq. ͑4͔͒ and the corresponding current distribution J y (x) ͓Eq. ͑15͔͒ at the critical entry condition for arbitrary values of the applied field H a and current I. Figures 2͑a͒ and 2͑b͒ show examples of such results for a fixed value of H a and three values of the current I. For zero current, the domelike flux distribution is centered in the middle of the strip (aϭϪb). As the current increases, the self-field at the left edge causes new vortices to enter the sample, and the center of gravity of the resulting flux distribution shifts to the right. Note that with increasing current, the right boundary of the flux distribution ͑at x ϭb) approaches the right edge of the strip. We define the critical current I c as the current that causes vortices at the right boundary of the flux distribution to first reach the rounded edge of the strip.
III. CRITICAL CURRENT

A. With a dome
Because of the surface barrier, a domelike magnetic-flux distribution occurs in flat strips for a range of applied fields H a depending upon the current I. In Sec. II, we derived expressions that determine the boundaries xϭa and b of the dome at the critical entry condition, for which H le f t ϭH s . When Iϭ0, the metastable dome ͑with aϭϪb) occurs for applied fields H a in the range 12 
H s
where Rϭ(2W/d) 1/2 and we have neglected terms of order H s /R 2 . At the lower limit, bϭaϭ0, and the field H s /(R ϩ1) is the value of H a at which the first vortex enters the strip. At the upper limit, bϭϪaϭWϪd/4. For H a ϾH s /2, there is no further magnetic irreversibility due to the surface barrier ͑associated with currents flowing on the top and bottom surfaces of the sample͒, although the Bean-Livingston barrier ͑associated with currents flowing on the right and left edges of the sample͒ still can produce irreversibility. However, we neglect the latter contribution in this paper for reasons discussed in Sec. I. We also neglect bulk pinning, another common source of irreversibility.
When IϾ0, the metastable dome occurs for applied fields in the range
where again we neglected terms of order H s /R 2 . At the lower limit, aϭbϭI/2H a , and the field H s /(Rϩ1) ϪIR/͓2W(Rϩ1)͔ is just the value of the applied field at which the net field at the left edge, including the self-field from the current, is equal to H s . The first entering vortex comes to rest at xϭaϭbϭI/2H a ϽW. At the upper limit, bϭWϪd/4.
For increasing current, the range of applied fields for which the metastable dome occurs ͓Eq. ͑17͔͒ becomes smaller. This range finally vanishes at the current FIG. 2. ͑a͒ Flux-density profiles B z vs x ͓Eq. ͑4͔͒ for initial penetration of magnetic flux ͑critical entry condition at the left side of the strip͒ in an applied field H a ϭH s /10 for an applied current I initially equal to zero, and then at higher currents I c /3 and I c , the critical current ͑critical exit condition at the right side of the strip͒, for Rϭ(2W/d) 1/2 ϭ10.05. ͑b͒ Corresponding current-density profiles J y vs x ͓Eq. ͑15͔͒.
At this critical value of the current and at the corresponding critical value of the applied field,
the dome disappears. ͓In both Eqs. ͑18͒ and ͑19͒ we have neglected terms of higher order in 1/R.͔ Although this combination of current and field produces the critical entry condition (H le f t ϭH s ), any entering vortex is swept all the way to the right rounded edge (xϭWϪd/4), where it exits from the sample and annihilates with its image. For currents IϽI cd , there is a dome present at the critical current I c , where two conditions are met: a critical entry condition at the left side of the sample (H le f t ϭH s ) and a critical exit condition at the right side of the sample (bϭW Ϫd/4) ͓see Fig. 2͑a͒ at IϭI c ͔. For any current slightly larger than I c , new vortices will be nucleated at the left edge of the sample and be driven very rapidly through the otherwise vortex-free region, ϪWϩd/4ϽxϽa. These vortices will join the left side of the domelike flux distribution, which will respond by pushing an equal number of vortices out of the dome at xϭWϪd/4, where these vortices will annihilate with their images at the right edge of the sample.
The critical current I c for applied fields in the range H cd рH a рH s /2 is
where we have retained terms only through order WH s /R 2 . Note that I c reduces to zero when H a ϭH s /2, and to I cd when H a ϭH cd . Shown in Fig. 3 is a plot of I 2 ). Note that a c ϭb c when H a ϭH cd and IϭI cd , while a c ϭϪb c when H a ϭH s /2 and I c ϭ0.
B. Without a dome
For H a ϽH cd , there is no metastable dome, and the sample remains in the Meissner state. The critical current in the absence of an applied magnetic field is
the current for which the self-field at the edge is H s ͓see Eq. ͑8͔͒. For small values of the applied magnetic field H a ͑i.e., H a ϽH cd and IϾI cd ), the critical current is
For these values of H a , the Meissner-state current density obeys J M y (x)Ͼ0 for the entire flat region of the strip. Any vortex nucleated at the left edge is thus swept entirely across the sample to the opposite curved edge, where the vortex annihilates with its image. This portion of the I c (H a ) vs H a curve is shown in Fig. 3 ues of H a and I for which the sample remains in the Meissner state and the local field at the edge is less than H s .
IV. SUMMARY
In this paper we have solved for the critical current due to surface barriers in a flat type-II superconducting strip, when the dominant contribution to the current arises from screening supercurrents in vortex-free regions on the top and bottom surfaces of the strip. By modeling the strip as being flat except at the edges, where it is rounded to elliptical shape with a local radius of curvature equal to half the film thickness, we have derived expressions for the critical current I c as a function of the applied field H a . For values of H a less than H cd ͓Eq. ͑19͔͒, the critical current is given by Eq. ͑22͒, at which the self-field at the left edge of the sample, taking into account the Meissner response to both the applied field and the current, is equal to H s .
For H a ϾH cd , a domelike magnetic-field distribution occurs in the strip ͓Fig. 2͑a͔͒, and the vortices in the sample generate, at the sample's edge, a magnetic field that opposes the local field arising in response to H a . For currents just below I c in fields H a ϾH cd where a dome is present, there is no net supercurrent flowing where the vortices are, but supercurrents do flow with a high current density in the vortexfree regions on either side of the vortex-filled regions ͓Fig. 2͑b͔͒. At the critical current I c , the sample is at the critical entry condition on the left side of the dome and at the critical exit condition on the right side. We have taken into account the return field from vortices in the dome in deriving the dependence of I c (H a ) as a function of H a ͓Eq. ͑20͔͒.
It has been shown experimentally that the surface barrier makes an important contribution to both the hysteretic magnetization and the transport properties for superconducting strips 10,18-21 over a wide region of the magnetic-fieldtemperature (H-T) plane. Moreover, in Bi 2 Sr 2 CaCu 2 O 8ϩ␦ single crystals, the current density distribution has been found to be concentrated at the edges of the sample when the surface barrier is in effect, 10 in qualitative agreement with our calculations. To provide a more stringent test of the present theory, however, experiments should be done to simultaneously measure the critical current I c and the magnetic-field profile B z (x) at the critical current as a function of the applied field H a . In addition, since the critical current is scaled by the field H s , measurements of I c as a function of temperature T also would help to distinguish whether H s is given by the lower critical field H c1 or by a considerably larger barrier field H b . Under ideal circumstances, H b could approach the bulk thermodynamic critical field H c , with a temperature dependence close to 1 Ϫ(T/T c ) 2 . 5 On the other hand, it is possible that H b is an effective barrier field determined by matching the time scale of the experiment with the time it takes for vortices to be thermally excited over the surface barrier; in such a case, H b is expected to be strongly temperature dependent. 22, 21 
